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1
The evaluation of the ultimate limit state (ULS) load capacity of shallow foundations is a 2 standard and well-accepted procedure for foundations (such as isolated footings), which do 3 not undergo any structural rupture themselves and in which the rupture mechanism 4 develops only in the soil beneath the foundation. The situation can be completely different 5 in deformable foundation structures (such as beams and slabs) in which, for applied loads 6 well below the limit load of a fully rigid foundation, plastic hinges may form in the 7 foundation structure leading to combined rupture mechanisms which develop partly in the 8 soil and partly in the foundation structure itself. This case must be treated by considering a 9 global mechanism of collapse. To the authors' knowledge, this possibility is not usually taken 10 into account in current design practice of shallow foundation design (e.g. Fang, 1991, 11 Smoltczyk, 2003, Burland et al. 2012 ) and has never been analysed from a theoretical point 12 of view, notwithstanding the fact that in the current design practice the combined rupture 13 in the soil and in the structural element is routinely taken into account for other 14 geotechnical structures such as horizontally-loaded, flexible piles (see Broms' theory) or 15 sheet pile walls (see Ukritchon et al., 2003 , for braced excavations). In fact, although 16 Eurocode EN 1997-1 differentiates between stiff and flexible foundations, it does not give 17 any guidance on how to take account of soil-foundation interaction at ULS for the 18 evaluation of the bearing pressure distribution under a flexible foundation (e.g. Frank et al. 19 2004). 20 Unfortunately, neither theoretical nor numerical instruments are available for this kind of 21 analysis, nor experimental measurements have ever been performed. Therefore, the 22 analyses that will be shown below are a first attempt to consider this problem and concern 23 the combined ruptures occurring in a very simple, plane strain case representing a very long 1 foundation slab, resting on a thick layer of soft clay, loaded under undrained conditions. The 2 results will be compared with conventional analysis. To gain full insight into the problem, 3 the analysis is performed using four different methods: 4 The manuscript is not intended to be exhaustive in providing a complete and easily 1 applicable method of analysis for current design practice. The aim of the work is rather to 2 drive reader's attention to a new class of soil-foundation interaction at ULS that has never 3 been considered so far and that will deserve much more attention in the future for its 4 theoretical treatment and experimental validation. Future developments will certainly have 5 to provide routine analysis methods for considering foundations beam and slabs, subjected 6 to complex loading conditions, under undrained and drained conditions. 7 However the present work does not simply show the unexpected effects of a combined 8 rupture mechanism, but it is also helpful for evaluating the cases of potentially unsafe 9 design, that can be avoided by over dimensioning the structure if a full analysis is not 10 performed. For simplicity, the presented analyses are limited to undrained conditions which 11 is sufficient to illustrate the key concepts. Here the associative flow rule required by rigid-12 plastic limit analysis is normally taken as a good representation of undrained behaviour and 13 requires no further consideration. In contrast drained analyses are much more complex to 14 be performed from a numerical point of view, and would require consideration of the 15 possible impact of non-associativity and the effects of foundation size on bearing capacity. 16 The SLS condition has been considered by assuming a simple linear elastic response, as an 17 approximation to the actual non-linear stress-strain response of soil (see e.g. Vardenaga & 18 Bolton, 2011). This allows indicative results to be obtained while retaining a simple, 19 commonly used method in engineering practice.
20
The paper is organized as follows: the problems are firstly described and analysed through a 21 conventional and a simplified analysis at ULS. Then the limit loads and the maximum The problem will be examined for an infinitely long shallow foundation of width B=10 m 6 (i.e. plane strain) for the three configurations of load distribution A-C shown in Table 1 .
7
The selected geometric condition and load distributions are intended to represent a broad 8 range of practical situations, on which simple theoretical reasoning is possible. In particular 9 the load distributions A and B can be considered representative of a beam foundation in 10 which the most heavily loaded pillars are the central and the lateral ones, respectively. Load 11 distribution C is representative of a condition with high eccentricity. It is assumed that the 12 applied load is not influenced by settlements, thus the load conditions are typical of an 13 overlying structure which is much more deformable than the foundation. Otherwise, the 14 kinematic constraint of the overlying structure should be considered. 15 The subsoil is assumed uniform with an undrained shear strength of =20 kPa for 16 illustrative purposes. Conventional ULS Analysis assuming a stiff foundation 1 At ULS, conventional analysis assumes a uniform pressure distribution beneath the base of 2 the foundation. The calculations to determine the limit load and maximum bending moment 3 using this assumption are therefore straightforward and are summarized in Table 1 . 4 For the eccentrically load case C, the assumed ULS pressure distribution is assumed to be 5 uniform and limited to an effective bearing width ' (Meyerhof, 1953) . This simple pressure 6 distribution will be shown to be consistent with maximum bending moments evaluated with 7 numerical analyses. 8 For a non-yielding foundation, the limit loads calculated in Table 1 for non-eccentric 9 loadings are known to be exact plastic solutions, while for eccentrically loaded foundations, 10 Ukritchon et al (1998) have shown that for zero surcharge (q = 0), the collapse load 11 calculated by the Meyerhof approach closely matches their numerical lower bound and 12 upper bound solutions and can therefore also be assumed to be close to exact. 13 An assumption of uniform bearing pressure can therefore be used to determine a simple 14 lower bound solution that includes both soil and foundation and is close to exact in terms of would be expected. 4 For the common case of an undrained soil and horizontal soil surface the status of this 5 scaled-ULS solution can be straightforwardly determined using the previously quoted 6 theorem of plasticity. Consider a foundation design for a soil of undrained strength c u /n, where n is a scale factor. Eccentricity is unaffected by the change in bearing pressure and therefore the collapse load 9 and maximum bending moments will be linear functions of the bearing pressure and are 10 thus also scaled by the factor n. A foundation with bending strength scaled by n will always 11 be able to carry a load also scaled by n.
12
Using Theorem 1, increasing the undrained soil strength back to c u cannot weaken the body, 13 therefore the scaled collapse load is also a lower bound to the scenario of a scaled 14 foundation bending strength and the original soil strength. However it is likely to be a 15 significant underestimate and a combined rupture analysis is recommended to ensure 16 maximum utilisation of the soil and structural strengths.
17
Note that theorem 1 applies to the exact solution (namely when the upper and lower 18 bounds coincide with each other) and works also with the lower bound when the soil is 19 strengthened. As a result, the reasoning given above can be applied to symmetrically loaded 20 foundations and for eccentrically loaded foundations (where q = 0). The DLO procedure directly determines the limit load using optimization techniques to 3 identify the critical collapse mechanism. Since the foundation stiffness is not relevant in a 4 CLA analysis, the footing was modelled as a one dimensional element with a specified plastic 14 A no-tension kind of soil-foundation interface with null tangential stresses was considered 15 with both ABAQUS and PLAXIS. 16 The typical computed response of applied load (expressed in terms of load multiplier) versus whereas the PLAXIS analyses were mostly undertaken for the purposes of verification.
form for a stress distribution which is not continuous at inter element boundaries), thus the 1 limit loads computed with the FEM method cannot be consider a rigorous lower bound. The limit load evaluated using the linear elastic (LW) and elasto-plastic Winkler model
The limit load and maximum bending moments were tentatively evaluated also with a soil-structure interface was modelled so that the foundation can detach from the subsoil. case the occurrence of a combined rupture mechanism is considered to occur. 14 The computed results are summarised in Tables 2-4 for load cases A through C, respectively.
15
From these analyses the following conclusions can be drawn: Tables 2 and 4 Figure 6 shows the ultimate load versus the plastic bending moment, as evaluated with DLO 3 and EPFEM procedures, in load cases A through C. These curves will be referred below with 4 the term ULS curves. It can be observed that each curve has an initial curved part followed 5 by a horizontal line: the curved part models the combined rupture mechanism, whereas the 6 straight part concerns the rupture occurring only in the subsoil. Note that the ULS curves do 7 not begin from the axis origin: for zero plastic bending moment, the ultimate load coincides 8 with that of a fully flexible foundation. 9 For the sake of comparison, Figure 6 shows in addition the plot of maximum bending surface, that gives the largest load that can be sustained for a given moment of resistance. 18 The actual acceptable SLS loading will depend on the settlement criteria which is beyond the 19 scope of this paper.
20
The scaled-ULS curve is also plotted and appears as a straight line in Fig. 6 joining the origin 21 to the horizontal line representing the conventional ULS capacity. Since it has been 22 established that the scaled-ULS analysis is a lower bound, then for a given maximum bending moment, it will always predict a lower allowable maximum load when compared to 1 the ULS maximum moment evaluated from a combined rupture mechanism (assuming that 2 this is close to the true plastic solution). Alternatively the corollary is that for a given limit 3 load, the maximum bending moment evaluated with the scaled-ULS is always larger than 4 the ULS maximum moment evaluated from a combined rupture mechanism, thus a 5 foundation structure which is dimensioned to resist a maximum bending moment derived 6 from a scaled-ULS analysis would be safe though may lead to a large oversize of the 7 foundation section for a given limit load. 8 The required bending moment from the scaled-ULS (conventional) analysis is typically larger the ULS curves in Fig. 6 ). This will definitely suffice to avoid ULS but is likely to be very 8 overconservative value of the bending strength M p at lower loads. 9 In contrast an economic ULS design should be based on combined rupture analysis given by 10 the curved portion of the ULS curves in Fig. 6 . As would be expected, and examining . Using the lower bound theorem the SLS load will always be carried but a larger or 15 equal load may be carried before reaching ULS. This will be true of SLS results generated 16 using EPFEM results (though this may not be fully rigorous if the FEM analysis satisfies 17 equilibrium in a weak form only). It is interesting to note that the results generated by NLW 18 in the current study also seem to generate consistent lower bounds, but this is not proven in 19 general.
While it follows that, for a given load, the given required bending strength from the graph is 21 always less than the SLS maximum bending moments, it must be remembered that a ULS 22 design calculation will typically be subjected to much larger factors of safety than a SLS 1 design calculation and this will mean that SLS governs in some cases while ULS will govern in 2 others. The choice of factoring approaches therefore also may have a significant influence 3 on the design. This is an area that requires further investigation.
4
CONCLUSIONS
5
This work explores for the first time (to the best of the authors' knowledge) how the limit 6 load of a shallow foundation is affected by the occurrence of a combined rupture 7 mechanism involving both the soil and the foundation. This analysis is performed by using 8 two different numerical approaches (namely DLO and EPFEM analyses) for a simple 2D 9 problem under undrained conditions. The excellent consistency among the different 10 numerical results support the reliability of the numerical evaluations, for which neither 11 analytical nor experimental evaluation has been proposed so far.
12
The main conclusions can be summarised as follows. analysis can also be shown to give a lower bound. In other words, such an analysis will 8 give conservative overestimates of the required ULS foundation bending strength (or 9 equivalently an underestimate of the ULS load for a given bending strength) for 10 undrained problems. A combined rupture ULS analysis should lead to more efficient foundation design.
2
However both SLS and ULS conditions must be considered and their interplay will be a 3 function of the nature of the safety factoring adopted. 4 At present, there is the need of practical and an expeditious means of analysis of combined 5 rupture mechanisms for beams and slabs, under both undrained and drained conditions, 6 that could be easily and generally employed in practical design analysis (i.e. something 7 similar to Broms' method for flexible piles subjected to horizontal loading). Table 4 . Parameters evaluated for load case C, with the distance of plastic hinge from the centre of the. The computed conventional limit load was used as the applied load in the LW analysis.
